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Modification of heavy quark energy loss due to shear flow in hot QCD plasma
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We present the derivation of heavy quark energy loss in a viscous QCD plasma using kinetic theory.
Shear flow changes both boson and fermion distribution functions which eventually modify heavy
quark energy loss. Due to presence of non-zero flow gradient in the medium all the bath particles
here are out of equilibrium. In these types of plasmas we show that without plasma screening
effects heavy quark energy loss suffers similar type of infrared divergence as one encounters in non-
viscous plasma. The screening effects are incorporated consistently through Hard Thermal Loop
resummation perturbation theory in the small-momentum-transfer region to obtain finite leading
order result in η/s. We also quantify the importance of the result and demonstrate that shear flow
has significant effect on the heavy quark energy loss.
Recent years have witnessed significant progress in un-
derstanding the properties of hot and/or dense matter
produced at relativistic heavy ion collider (RHIC) at
BNL and the Large Hadron Collider (LHC) at CERN.
Current research in this area has now generally accepted
the fact that matter produced in these collider experi-
ments behaves like nearly ideal fluid. Ideal hydrodynam-
ics successfully estimates the lower bound on shear vis-
cosity (η) and entropy density (s) ratio (η/s = 1/4pi) of
the fluid produced in the above mentioned experiments
[1].
Several other experimentally measured quantities such
as elliptic flow (v2) (as a function of pT ), particle type
and impact parameter are also well described by ideal
hydrodynamics. But there are some limitations to this
success also. Ideal hydrodynamics fails to describe the
trend of v2 beyond pT ∼ 2 GeV. Above pT ∼ 2 GeV, v2
does not rise as predicted by nonviscous hydrodynamics.
It also fails to describe certain relative trends observed
in the baryon and meson elliptic flows [2, 3]. Current
studies have been attributed in explaining these issues
which reveal that invoking non-ideal viscous hydrody-
namics falling trend of v2(pT ) in the higher pT region can
naturally be explained. Incorporation of non-ideal effects
into the theory eventually modifies stress-energy tensor
(T µν). Along with the ideal part it also receives viscous
correction (δT µν) [2]. The modification of stress energy
tensor due to non-zero flow gradient of the medium in
turn modifies particle distribution function. The latter
will now have a viscous part along with the non-viscous
one (f0 + δf). The correction term δf involves both the
shear and the bulk viscosity coefficients and can be de-
termined by solving Boltzmann equation. We however
restrict ourselves only to the shear part [2].
Viscous corrected energy momentum tensor and/or the
distribution function modifies various experimental ob-
servables like particle spectra, Handbury Brown-Twiss
radii, or elliptic flow[4–6]. Current studies on the modi-
fication of photon and dilepton spectra due to non-zero
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η have explored the fact that in case of photon it leads
to larger thermalization time. It has also been argued in
[7, 8] that non-ideal effects increase net photon yield due
to slowing down of hydrodynamic expansion. In case of
dilepton the space-time integrated transverse momentum
spectra shows a hardening where the magnitude of the
correction increases with the increasing invariant mass.
In [9] the authors argue that the thermal description is
reliable for an invariant mass < 2τ0T
2
0 /(η/s), where, τ0 is
the thermalization time and T0 is the initial temperature.
Recently we have studied the effect of the shear flow on
the fermionic damping rate [10], where it has been shown
that like ideal Quantum Chromodynamic (QCD) plasma
the magnetic sector remains logarithmic infrared diver-
gent even after the incorporation of plasma screening ef-
fects through Hard Thermal Loop (HTL) mechanism. An
attempt has also been made to calculate the drag and dif-
fusion coefficients in viscous plasma numerically without
considering plasma screening effects into the calculation
[11]. In the present work we present a consistent formal-
ism of derivation of the leading order heavy quark energy
loss in viscous QCD plasma with plasma screening effects
into consideration. In the current work we restrict to the
first order viscous correction upto O (η/s) which allows
us to present closed form analytical results.
Since heavy quarks are good probe of QGP, sev-
eral calculations have already been performed over the
last decades to estimate the heavy quark energy loss
(−dE/dx) in ideal plasma [12–22]. Calculation of
−dE/dx in non-viscous QCD plasma has been plagued
with infrared divergences. To deal with the problem,
the usual way is to introduce Braaten and Yuaan’s pre-
scription where one separates the integration into two
domains: one involving the exchange of hard photons
(or gluons), i.e., the momentum transfer q ∼ T and the
other involving soft photons (or gluons) when q ∼ eT (gT )
(e, g ≪ 1). In case of the hard sector, one uses bare prop-
agator and introduces an arbitrary cutoff (q∗) parameter
to regularize the integration [23]. For the latter, on the
other hand, the hard thermal loop (HTL) corrected prop-
agator is used. These two domains, upon addition, yield
results independent of the intermediate scale [24, 25].
In all the previous works on the heavy quark energy
2loss the authors have considered the fact that the bath
particles are in equilibrium. In this paper we present a
consistent formalism to calculate the heavy quark energy
loss with plasma screening effects where bath particles
are affected by the longitudinal flow of the medium.
The problem of motion of a heavy quark in a QCD
plasma looks familiar to that of a problem of test par-
ticle in plasma. The problem thus reduces to Brownian
motion problem where quarks are executing random mo-
tion in plasma. To start with we appeal to the Boltzmann
equation(
∂
∂t
+ vp.∇r + F.∇p
)
fp = −C[fp], (1)
right hand side of the above equation represents the col-
lision integral and vp = p/Ep is the velocity of the par-
ticle. In absence of external force and gradients of tem-
perature, velocity or density on the injected parton, the
above equation becomes,
∂fp
∂t
= −C[fp]. (2)
In the present paper we consider a high energy heavy
quark of massmQ and momentum p propagating through
a QCD medium and scatters off the quarks and gluons of
the bath. The heavy quark has energy Ep and the mass
of the light quarks in the bath mq << gT . The injected
heavy quark has a fluctuating part (fp = δfp) and all
the bath particles are affected by the flow of the medium.
The equilibrium part of the injected heavy quark vanishes
since, Ep >> T . In the present work we are interested
only in the 2 → 2 (P + K → P ′ + K ′) processes. The
explicit form of the collision integral then becomes,
C[fp] = 1
2Ep
∫
d3k
(2pi)32k
d3p
′
(2pi)32E′p
d3k
′
(2pi)32k′
δfpfk(1± fk′ )
× (2pi)4δ4(P +K − P ′ −K ′)1
2
∑
spin
|M|2. (3)
Note the difference of the thermal phase space here with
that of the light quarks in [17]. While writing the above
equation for high energetic parton the possibility of back
scattering has been excluded and the approximation (1±
f0E′p) ≃ 1 has also been incorporated in the thermal phase
space since Ep′ >> T .
The effect of flow of the medium is incorporated
through the distribution function of the bath particles.
We write viscous corrected distribution function as fi =
f0i + δf
η
i (δf
η
i << f
0
i ), where, i = k, k
′
. δfηi is the first
order correction to the thermal distribution function.
Now, the expression for the energy loss can be obtained
from Eqs.(2) and (3) with the help of the relaxation time
approximation. With this approximation for the injected
particle one writes,
∂δfp
∂t
= −C[fp] = −δfpΓ(p). (4)
Γ(p) can be identified as the particle interaction rate.
The energy loss (−dE/dx) of heavy quark can be ob-
tained by averaging over the interaction rate times the
energy transfer per scattering and dividing by the veloc-
ity of the injected particle,
dE
dx
=
1
vp
∫
dΓω. (5)
With the help of the Eqs.(3), (4) and (5) the heavy quark
energy loss can be expressed as follows,
−dE
dx
∣∣∣∣∣(p) = 12Epvp
∫
d3k
(2pi)32Ek
d3p
′
(2pi)32E′p
d3k
′
(2pi)32E′k
× (fk + δfηk )(1 ± fk′ ± δfηk′)ω(2pi)4δ4(P +K − P
′ −K ′)
1
2
∑
spin
|M|2. (6)
Now, the form of δfηi mentioned above depends on the
various ansatz [3, 26–28],
δfηi = χ(k)
f0k (1± f0k )
T
kˆikˆj∇iuj . (7)
In principle χ(k) can be determined from various micro-
scopic theories as discussed in [3]. In most of the hy-
drodynamic calculations it is assumed that δfk ∝ k2f0k
and the proportionality constant is independent of the
particle type. This is known as quadratic ansatz [3]. For
the present case we are interested in a boost invariant
expansion without transverse flow. In this scenario one
can incorporate the viscous correction to the distribution
function in the following way [2, 8, 11],
δfηi (k) = f
0
i (1 ± f0i )Φi(k), (8)
where,
Φi(k) =
1
2T 3τ
η
s
(
k2
3
− k2z
)
. (9)
The viscous modification holds true only in the local rest
frame of the fluid and it contains the first order correction
in the expansion of shear part of the stress tensor. τ is the
thermalization time of the quark-gluon plasma (QGP)
and the flow is along z axis. From the above expression
this is also evident that the non-equilibrium part of the
distribution function becomes operative only when there
is a momentum anisotropy in the system.
In a medium with non-zero flow gradient with the dis-
tribution functions mentioned in Eqs.(8) and (9) the ex-
pression for energy loss can be written as,
−dE
dx
∣∣∣∣∣(p) = Aq2Epvp
∫
p′,k,k′
∑
i=1,2
αiω(2pi)
4
δ4(P +K − P ′ −K ′)1
2
∑
spin
|M|2 = −dE
dx
∣∣∣∣∣
0
+
−dE
dx
∣∣∣∣∣
η
,(10)
3where,
∫
k
is shorthand for
∫
d3k/(2pi)32Ek and Aq =
2nf/3 (nf is the number of flavor). In the above equa-
tion αi’s contain the information of the viscous modified
phase-space factor. α1 contains the equilibrium part of
the distribution functions, this gives us the usual heavy
quark energy loss −dE
dx
|0 mentioned in [12–14, 16–22]
where all the bath particles are in thermal equilibrium.
−dE
dx
|η is the viscous corrected energy loss. The equilib-
rium part of the phase space has the following form [10],
α1 = f
0
k (1± f0k′ ), (11)
and α2 involves terms due to the viscous modifications to
the light quark distribution functions for the bath con-
stituents [10],
α2 ≃
[
Φkf
0
k (1± f0k )± Φkf0k′ f0k ± Φk′ f0k′ f0k
]
. (12)
The above expression has been arrived at by neglecting
terms O((η/s)2) and O(f3i ).
Inserting the above mentioned viscous corrected phase-
space factor in Eq.(10), one obtains,
−dE
dx
∣∣∣∣∣
η
(p) ≃ Aq
2Epvp
∫
k,p
′
,k
′
[Φkf
0
k (1± f0k )± Φkf0k′ f0k
±Φk′ f0k′ f0k ](2pi)4δ4(P +K − P
′ −K ′)ω 1
2
∑
spin
|M|2.(13)
Since, in case of quark-quark (Q-q) scatterings small
angle collisions give dominant contribution, we write the
phase-space factor with the following approximations,
f0
k
′ = f0(k + ω) ≃ f0k + ωf0
′
k
φk′ = φ
0(k + ω) ≃ φ0k + ωφ0
′
k . (14)
With the above expansion we approximate the phase-
space factor upto O(f2i ) and exclude higher order terms
in ω. Hence,
−dE
dx
∣∣∣∣∣
η
Qq
(p) ≃ Aq
2Epvp
∫
k,p
′
,k
′
[Φkf
0
k (1 − 3f0k )]
(2pi)4δ4(P +K − P ′ −K ′)ω 1
2
∑
spin
|M|2. (15)
To proceed further we have to know the interaction. For
t channel Q-q scattering process the matrix element is
given by [21, 22],
1
2
∑
spin
|M|2Qq ∝
s˜2
t2
, (16)
where, s˜ = s − m2Q, s and t are the usual Mandalstam
variables.
Now, we consider the case of the hard gluon exchange
where the medium effects on the propagator can be ig-
nored. In this case one can see that − dE
dx
|ηQq is infrared di-
vergent (− dE
dx
|ηQq(p) ∝
∫
dq/q) like non-viscous medium.
The usual way to handle this divergences is to incorporate
the effects of plasma screening. The method of calculat-
ing the effects of screening was developed by Braaten and
Yuan [23]. As mentioned earlier this involves introduc-
tion of an arbitrary momentum scale q∗ to distinguish the
region of hard momentum transfer from the soft region.
The contribution from the hard momentum region is cal-
culated using tree-level scattering diagrams whereas HTL
propagator is required for the soft momentum transfer.
The matrix amplitude with HTL resummed gluon prop-
agator is necessary to evaluate − dE
dx
|ηQq in the latter do-
main. In the large wavelength limit q << T this reduces
to,
1
2
∑
spin
|M|2Qq = 32g4E2pk2
[
1
(q2 +m2D)
2
+
(
v2p − ω
2
q2
)
q2cos2φ(
1− ω2
q2
)(
q6 +
pi2ω2m4
D
16
)
]
, (17)
where, mD ∼ gT is the Debye mass. Evaluating both the
hard and the soft sectors and restricting ourselves mainly
to the leading logarithmic contribution one obtains,
− dE
dx
∣∣∣∣∣
η
Qq,l
(p) ≃
(η
s
)
C1
[
f1(vp)− 2f1(vp)log
∣∣∣∣qmaxmD
∣∣∣∣
]
,
−dE
dx
∣∣∣∣∣
η
Qq,t
(p) ≃
(η
s
)
C2
[
4
15
f2(vp) + f2(vp)log
∣∣∣∣ 2qmax√pivpmD
∣∣∣∣
]
,
(18)
where − dE
dx
|ηQq,l and − dEdx |ηQq,t denote the longitudinal
and the transverse contributions to the energy loss
(− dE
dx
|ηQq = − dEdx |ηQq,l − dEdx |ηQq,t). The functions men-
tioned in the above equation have the following forms,
C1 = Aqg
4T
(2pi)3τv2p
(
−7pi
4
60
+
27Zeta[3]
2
)
, f1(vp) =
v5p
5
− v
3
p
3
,
C2 = Aqg
4T
(2pi)32τv2p
4
15
(
−7pi
4
60
+
27Zeta[3]
2
)
, f2(vp) = v
5
p,(19)
where, qmax in Eq.(18), can be approximated as∼
√
EpT
from the kinematics.
To obtain t channel contribution of quark-gluon (Q-
g) scatterings from Eq.(18) the equation excluding Aq
has to be multiplied with the color factor Ag = (N
2
c −
1)/2 = 4 (Nc is the number of color). The total t channel
contribution to the −dE/dx is then given by − dE
dx
|ηQ =
−(4+2nf/3)dEdx |ηQq. In this regard it would be important
to recall the expression for the ideal heavy quark energy
loss (in t channel) in [14, 16, 22].
We now present the derivation of the contribution of
Q-g scatterings to the heavy quark energy loss in s and
4u channels. One starts with the following expression,
− dE
dx
∣∣∣∣∣
η
Qg
(p) ≃ Afg
4
vp
∫
d3kd3k′d3p′
(2pi)52Ep2Ep′2k2k′
× [Φkf0k (1 + f0k ) + Φk′f0k′ f0k +Φkf0k′ f0k ]
× δ4(P +K − P ′ −K ′)
[−u˜
s˜
+
−s˜
u˜
]
,(20)
where, u˜ = u −m2Q and Af = 16/9. The k′ integration
can be expressed as∫
k′
Φkf
0
k (1 + f
0
k ) + Φk′f
0
k
′ f0k +Φkf
0
k
′ f0k
2k′
× (2pi)4δ(4)(P +K − P ′ −K ′)
= 2piΦkf
0
k (1 + f
0
k ) + Φk+ωf
0
k+ωf
0
k +Φkf
0
k+ωf
0
k
Θ(k + ω) δ((K +Q)2). (21)
The integration over φp′ can be done with the help of the
delta function as shown below,∫ 2pi
0
dφ δ((K +Q)2) =
2√
f
Θ(f) , (22)
where, f = B2−A2. A and B can be expressed in terms
of the Mandelstam invariants [21, 22],
A = s−m2q + t− 2kEp′ + 2kp′ cos θk cos θp′ ,
B = 2kp′ sin θk sin θp′ . (23)
The variables can be changed from p′ and cos θp′ to t and
ω respectively by the following transformation,
t = 2(m2Q − EpEp′ + pp′ cos θ),
ω = Ep − Ep′ . (24)
With this, Eq.(20) now becomes,
−dE
dx
∣∣∣∣∣
η
Qg
(p) ≃ Afg
4
16pi2vppEp
∫
k
1
2k
∫ 0
−∞
dt
∫
∞
−∞
dωω√
f(ω)(
Φkf
0
k (1 + f
0
k ) + Φk+ωf
0
k+ωf
0
k +Φkf
0
k+ωf
0
k
)
g(s, t, ω) ,
(25)
where, g(s, t, ω) depends on the Mandelstam variables
and exchanged energy. Bounds on the integrals ω and t
arise from the condition f = B2−A2 ≥ 0. f(ω) can now
be written as follows f(ω) = −a2ω2 + b ω + c [21, 22].
The coefficients of the above equation are [21, 22],
a =
s−m2Q
p
,
b = − 2t
p2
(Ep(s−m2Q)− k(s+m2Q)),
c = − t
p2
[t((Ep + k)
2 − s) + 4p2k2 − (s−m2Q − 2Epk)2].
(26)
f(ω) is positive only in the domain ωmin << ω << ωmax,
where the discriminant D = 4a2c + b2 is positive. Thus
ωmaxmin and D can be evaluated along the line described
in [21, 22]. The condition D ≥ 0 leads to the 2 → 2
scattering processes with one massless and one massive
particle in the limit tmin ≤ t ≤ 0 with tmin = −(s −
m2Q)
2/s [21, 22]. Like Q-q scatterings here also we neglect
terms which are more than O(f2i ) and higher order in ω.
Evaluation of the ω integral in Eq.(25) gives,
Iω =
∫ ωmax
ωmin
dω
ω√
f(ω)
= Re
∫
∞
−∞
dω
ω√
f(ω)
=
pib
2a3
.
(27)
With the help of the above expression Eq.(25) reduces
to,
−dE
dx
∣∣∣∣∣
η
Qg
(p) ≃
(η
s
) Afg4
4T 3τpivp
∫
k
(
1
3
− cos2 θkz
)
(
k2f0k (1 + 3f
0
k )
)(
1− (s+m
2
Q)k
(s−m2Q)Ep
)∫ 0
tmin
dt
−t
(s−m2Q)2
[−u˜
s˜
+
−s˜
u˜
]
. (28)
As mentioned earlier we are interested in the energy loss
of a high energetic parton Ep >> m
2
Q/T , which implies
s = m2Q + 2PK ∼ O(EpT ) >> m2Q. In this domain(
(s+m2Q)k/(s−m2Q)Ep
) → 0. Finally the expression
for the Q-g scatterings in the s and the u channel reduces
to,
−dE
dx
∣∣∣∣∣
η
Qg
(p) ≃
(η
s
)
C3
[
−11T 4
18
(
18ζ(3)− 2pi
4
15
)
− T
3m2Q
3Ep
((
pi2 − 4ζ(3)) ln
∣∣∣∣∣4EpTm2Q
∣∣∣∣∣− .162225
)]
,(29)
C3 = Afg4/(32T 3τpi3vp). The leading logarithmic term
of Q-g scatterings (both in s and u channels) in non-
viscous medium is given in [22]. The final expression
of heavy quark energy energy loss can be obtained by
adding Eqs.(18), and (29) along with the ideal contribu-
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FIG. 1: (Color online) The variation of ξ of charm quark with
momentum at T = 0.225 GeV, τ = 0.3 fm, mD = 0.5 GeV
and α = 0.3.
tions,
−dE
dx
∣∣∣∣∣(p) = −dEdx
∣∣∣∣∣
0
Qq
+
−dE
dx
∣∣∣∣∣
0
Qg
+
−dE
dx
∣∣∣∣∣
η
Qq
+
−dE
dx
∣∣∣∣∣
η
Qg
=
−dE
dx
∣∣∣∣∣
0
Qq
+
−dE
dx
∣∣∣∣∣
0
Qg
+
(η
s
)(
4 +
2nf
3
)(
− 7pi
4
60
+
27Zeta[3]
2
)[
g4T
(2pi)3τv2p
{
f1(vp)− 2f1(vp)log
∣∣∣∣qmaxmD
∣∣∣∣
}
+
g4T
60pi3τv2p
{
4
15
f2(vp) + f2(vp)log
∣∣∣∣ 2qmax√pivpmD
∣∣∣∣
}
+
(η
s
) Afg4
32T 3τpi3vp
{
−11T 4
18
(
18ζ(3)− 2pi
4
15
)
− T
3m2Q
3Ep
((
pi2 − 4ζ(3)) ln
∣∣∣∣∣4EpTm2Q
∣∣∣∣∣− .162225
)}]
. (30)
The above expression for energy loss in a plasma where
all the bath particles are affected by the shear flow of
the medium reveals the fact that similar to the heavy
quark energy loss in a non-viscous medium this also suf-
fers from infrared divergence for bare propagation. Using
HTL propagator we obtain closed form leading order an-
alytic result first order in viscous correction O(η/s).
To quantify the nature of heavy quark energy loss we
here plot fractional energy loss ( ξ = dE
dx
/ dE
dx
|0) with
momentum (p) in Fig.(1) and with temperature (T ) in
Fig.(2) for charm quark. In Fig.(1) we observe the mo-
mentum variation of ξ for charm quark. From the plot
it is clear that at T = 0.225 GeV and at low momen-
tum p < 5 GeV increase in η/s decreases the rela-
tive energy loss, whereas in the high momentum region
p > 5 GeV opposite nature can be seen. Fig.(2) depicts
the variation of ξ with temperature at p = 5 GeV. In
Fig.(2) note that at lower temperature regime ξ decreases
and after T = 0.15 GeV it starts to increase. Hence,
0.1 0.2 0.3 0.4 0.5
T (GeV)
1
1.1
1.2
1.3
ξ
η/s = 0.24
η/s = 0.16
η/s = 0.08
FIG. 2: (Color online) The variation of ξ of charm quark with
temperature at p = 5 GeV, τ = 0.3 fm, mD = 0.5 GeV and
α = 0.3.
there is a crossover of trend of ξ with η/s at T ∼ 0.15
GeV. The nature of the two plots can be understood
from the flow modified phase space factor. Since, the
anisotropic phase-space part is negative in the low mo-
mentum/temperature region this gives negative contri-
bution to the total energy loss whereas in the higher mo-
mentum/temperature region this contributes positively.
To summarize, in the present work we have calculated
heavy quark energy loss in a medium where all the bath
particles are affected by the shear flow of the medium. It
has been shown in the text that shear viscosity enters into
the calculation through the viscous corrected phase-space
factor and this modifies the result of the energy loss. In
the present work only elastic Q-q, Q-g scatterings have
been considered and the leading order correction terms in
η/s to the energy loss have been estimated. We observe
that in case of viscous medium also bare gluon propa-
gation gives rise to logarithmic infrared divergent
∫
dq/q
result similar to the case of non-viscous medium. HTL
resummed propagator is used to circumvent the prob-
lem. While performing the calculation only small angle
contributions are considered since these provide us the
dominant contribution to the energy loss. Along with
the above mentioned points it has also been considered
that only longitudinal shear flow is present in the current
derivation. The approximations mentioned above allow
us to present leading logarithmic, first order correction
term in η/s of the heavy quark energy loss. Moreover,
one of the interesting findings of the present work is, the
plasma effects in a viscous medium increases heavy quark
energy loss in the high momentum region (p > 5 GeV).
In the low temperature region (T < 0.15 GeV) the en-
ergy loss shows opposite trend in comparison to the high
temperature one. Findings of the present work will have
significant consequences in studying different observables
like nuclear modification factor, particle spectra in recent
heavy ion collision experiments.
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